Financial Econometrics: Portfolio Analysis LMU Munich
Fabian Spanhel Seminar for Financial Econometrics

Solutions for problem statement 5:

a) Consider an economy with N risky assets and a risk-free asset. Assume that the
following linear relationship (the excess return market model) holds between
the return on asset i in period ¢, r;, and the return on the market portfolio in

period t, 7pp:
rio — T =0+ Bi(rame —rp) Fen, i=1,...,N, (1)

where 74, is the risk-free rate in period ¢, and

Eley] =0, Varley) =07, t=1,...,T; i=1,...,N, (2)
o ift =
Covley, €5 = 74 l ° i,j=1,...,N. (3)
0 ift+#s
Let the covariance matrix of €, = (ey, ..., eny) be denoted by 3, i.e.,
U% 012 O1N
o oz ... o
Y =Covle = 7o 2.N (4)
2
O1N O2N ... ON

The errors are also uncorrelated with the market return at any period, i.e.,
Covley,ris) =0, i=1,....,N; s,t=1,...,T. (5)

The excess return market model given by the equations (1)-(4) is often adopted as a frame-
work for testing the standard (Sharpe-Lintner) version of the CAPM.

i) Explain how and which implications for the parameters in (1) can be derived
from the Sharpe-Lintner CAPM.

Consider the single-index model

rie =0+ Birane + € (2).
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ii)

Taking expectations yields
pi = o + Bipiar (3).
Subtracting (3) from (2) yields
T — Mi = Birane — Biftar + €.
Expressing p; via the CAPM one obtains

rie — 1 — (par +75) B = Birae — Bitim + €t
=ry—rp=0i(rme— 1)+ €

The above equation equals the excess return market model with a; = 0,7 =1,..., N.
«; denotes the difference between the asset’s average excess return and the excess return
predicted by the CAPM.

In practice, the parameters of the market model are unknown and have to be
estimated from historical return data. Given the assumptions made above,
suggest a method for estimating «; and 5; (¢ = 1,...,N) in (1), and justify

the proposed procedure.

Define
Ti1—Tf1
fi -
~—~
1 Tir — T§T
Q;
0, = )
~—~ .
2x1 pi
=rpM1—T
~=
1 Tm1
Xi = :
~ -
Tx2 1 TMT
~—~
=rMe—Tft
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€1
€ =
~—
Tx1 €T
1=1,2,....N

so that we can write the N'T" observations in one large set of equations

T X 0 0, €1

- - ] @
fN 0 XN 91\7 EN
T ~ -
=r =: =: €
NTx1

Covariance structure of e:

Define

ENt

i.e., & collects all asset-specific error terms at one moment in time.
According to equation (2) in the problem statement, the asset-specific error terms may
be correlated at the same point in time and this correlation is independent of time.

Thus, we allow for a non-diagonal covariance matrix ¥ of the vector €;:

01 J12 ... O1IN
2
o 012 gy ... O9N
Y= Covl&, &) =:
2
O1N O2N ... OnN

Equation (2) in the problem statement also states that there is no correlation between

the errors over time, i.e.,

COU[EZ‘,EJ'] = o-ijITy Z,] = ]_, N ,N,i 7é ]
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Hence, we obtain

Cov[517€1] CO’U[El,eN}
5 ——
01]T Ce UINIT 1 9
Q= Covle, ] = : . : =Y ® Ir # o0 Int
UNIIT e O'JZVIT

That is, the covariance structure of the error in (%) is not diagonal.
e Instead, some disturbances are heteroscedastic and correlated in the same time
period (Var(ey] = o2, Covley, €;1) #0,4,5 =1,..., N).
e This system of equations is also called seemingly unrelated regression (SUR-system)

e One can show that the ordinary least-squares estimator is still efficient (in the sense

of the Gauss-Markov-Theorem) if each block-equation has the same regressors.

e Here

I 7

L T

i.e., the regressors of all block-regressions is a constant and r,.

e That is, we can efficiently estimate (v, ;) using ordinary least-squares.

iii) The market model has been estimated for 25 stocks in the German DAX
index, using T = 244 weekly observations for each stock. An estimate for X
in (3) has been calculated as > = 77! &é,, where ¢ is an appropriate

estimate of €. For this estimate of ¥, it was found that det(X) = 95.25.

Redoing the estimation, but with the restriction that, in (1), oy =ay =... =

I The Kronecker product is defined as

(lllB alzB e alnB
A ® B = :
N~ M~ .
mxn pxq amlB amnB
mpXng

R 2Tt is called seemingly uncorrelated regression, because the regressor matrix X is block-diagonal and therefore
0; and 0; seem statistically to be unrelated. But 6; and 6; are related due to the non-diagonal covariance
structure of the error terms.
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~

ay = 0, the covariance matrix estimate has a determinant of det(X,—9) =
117.07.

Use these numbers to conduct a likelihood ratio test (LRT) for the validity
of the standard version of the CAPM («a = 0.05).

Testing the standard version of the CAPM gives rise to the following hypotheses:
Hy:ap=ay=...=ay=0 vs. Hy:di=1,....,N:q; #0.

To conduct a test, we can use a likelihood ratio test. To this end, each of the two competing
models, the null model and the alternative model, is separately fitted to the data and the
log-likelihood is recorded. Then, we compare the maximum likelihood values of the models

with and without the restrictions being imposed

likelihood for the null model
~ =~
Lg

A:
Ly
~—

likelihood for the alternative model

Under regularity conditions one can show that

LR := —=2In(\) T X2 ( r )

number of restrictions under Hy
For a SUR-system (with normally distributed errors) it holds
. ~T/2
\ = det(Zo)
det (>

1)
= LR = T[In(det(3)) — In(det(%4))].

. S

-~

>0

Answer to the problem:

A

det(3) = 95.25
det(3g) = 117.07
= LR = 244(In(117.07) — In(95.25)) = 50.3292
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The critical value for a significance level of 5% is given by

X§5,0.95 = 37.65

2
=LR > X25,0.95

i.e., we reject the null hypothesis that the CAPM holds.

b) i) Based on roughly 5 years of weekly data (November 1996-October 2001),
i.e., T' = 244 observations, the following sample statistics were computed for
the excess returns (over the risk-free rate) on the BMW shares, 7w, and

the German stock market index DAX, rpax;:
T SiiTpaxe) [ 244 14.905
S TDAXE Doter Thaxs 14.905 3088.952 )

Zthl TBMW,t - 63.754
ZtT:lTBMW,t TDAXt 3151.219 )’

T
> rhanwy = 8476.325.

t=1

Using ordinary least-squares (OLS) and the DAX as the market index, es-
timate the market model (1) for the BMW returns and perform a test with
type-I error a = 0.05 of the hypothesis that the Standard CAPM with risk-
free rate holds for the BMW returns.?

i— (%) = (X'X)7! X'y
I} ~—— ~~

inverse of the 2. matrix in the
1. matrix in the problem statement
problem statement

3Strictly speaking, the formulation “the CAPM holds for BMW?” is nonsense, because the CAPM is an
equilibrium model for the capital market and cannot hold just for a single market. However, it has to hold for
each asset separately, of course, so tests involving a single asset may not be useless.
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{00041 0 63.754 0.199
B 0  0.0003) \3151.219 1.019

For the CAPM it holds:

o
Hy:-a=0st=|——|< Te

2 ~—

04 critical value

To compute the test-statistic we need to compute the variance of & which is given by

o~ ~

2
04 =0

(LN V]

(X'X)i
~—
(1,1) element of (X’ X)~!

We compute the variance of the error as follows:

. 0.199)" [ 63.754 s 170
= T —_ = .
B 1019 \3151.219
———

8476.325
-~ 1 5253.170
2= e =—"— =21.
= 0 vy 707
3 _
= 0z =21.707 x 0.0041, = 0.089
:(X/X)ﬁl

Consequently, the test-statistic and critical values are

~

Q 0.199
/2 v/0.089

Te = ti—as2(T — k) = t0.975(242) = 1.96 since we have many degrees of freedom.

Therefore, our test decision is

|t| < t0.975 (242) ,

and we can not reject Hy, i.e., we have found no evidence that the CAPM does not hold.

ii) Over the same period as above, the market model (1) was jointly estimated

7
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for the (excess) returns on BMW and Schering. The estimated residual

covariance matrix obtained from that estimation is

f) _( 02BMW UBMVV,SChering)
1 —_— ~

0 BMW,Schering o? Schering

~l ~ N N
1 €EpnwEBMW € nw €Schering
T

é,BMI/VéS'chering éfs‘chem'ngéSchering
(21524 2,107
-\ 2107 12.781

In addition to the market model (1), the restricted model

BMWt ﬁBMW - i EBMW it
- DAX t
T'Schering,t 6Schering €Schering,t

was estimated, and resulted in an estimated residual covariance matrix of

& 21.564 2.173
"\ 2173 12804/
Use the reported results and the likelihood ratio test principle to test for the CAPM in
standard form for the two stocks under study (a = 0.05).

Analogous to a)(iii) we employ a LR-Test for a SUR-system:

LR = T[In(det(3)) — In(det(34))]
— 244[In(273.24) — In(270.659)]
=2.391

TC = X(2).95( \2/_, ) =5.99

a1=ao=0

= LR < 5.99,

i.e., we can not reject the CAPM-hypotheses (ay = ap = 0) for BMW and Schering.



