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Price chart

@ daily closing prices of Dow Jones and Hang Seng index in estimation
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Percentage log-returns

o stylized facts: volatility clustering, fat tailedness
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Fitting normal distribution

@ ML estimation for normal distribution leads to estimated parameter

values fi; = 0.039 and 67 = 1.107 for percentage log-returns of Dow
Jones

@ empirical data: leptokurtosis visible, skewness not

——DowJones
——nhormal
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Fitting normal distribution

@ ML estimation for normal distribution leads to estimated parameter
values [io = 0.024 and 6, = 1.695 for percentage returns of Hang
Seng

o estimated covariance between both: Cov = 0.309

@ calculate estimated correlation:

Cov 0.309
5 — - —0.165
P= 5.6, 1.107-1.695
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Calculating risk measures

@ transform returns to losses: p; = —p

@ quantiles normal distribution
®1(0.95) = 1.645

®1(0.99) = 2.326
®~1(0.999) = 3.090

o formulas for risk measures under normal distribution
VaR, = pp + 0®7 1 ()

¢ (07" (a))

ESo =pL+o
11—«
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Calculation

@ examplary calculation VaR :

VaR(1) 0905 = —pu1 + 01971 (0.95)
= —0.039 +1.107 - 71 (0.95)
= —0.039 + 1.107 - 1.645
=1.782

@ control results:

VaR(1)70_95 = 1781, VaR(l),O_gg = 2535, VaR(1)70_999 = 3.381

VaR(2)70'95 = 2764, VQR(2)’0.99 = 39197 VaR(2)70'999 =5.214
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Expected shortfall

@ normal distribution pdf:

IRY:
f(x) = \/;7 - exp <_(X“1)>

@ standard normal distribution pdf:

6= ——-ev(-3)

@ examplary calculation:

¢ (¢71(0.99))
1-0.99
¢ (2.326)

0.01
0.0267

0.01

ES(1),000 = —p1 + 01
= —0.039 + 1.107 -

= —0.039 + 1.107 -

=20911
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Expected shortfall

@ control results expected shortfall

o ES(]_)’O.95 = 2244, ES(l)’o.gg = 2911, ES(l)’O.ggg = 3.687
] ES(2)70.95 - 3473, ES(2)’0.99 - 4494, ES(2)’0'999 - 5684
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| target [ 0.05 | 0.01 |0.001 |
] exceedances \ 0.044 \ 0.015 \ 0.005 ‘

Backtesting: Dow Jones
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| target [ 0.05 | 0.01 |0.001 |
| exceedances | 0.043 | 0.016 | 0.006 |

Backtesting: Hang Seng
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Out-of-sample

| target | 0.05 [ 0.01 [0.001 |
| exceedances | 0.075 | 0.036 | 0.018 |

Out-of-sample: Dow Jones

empirical losses

2007 2010
dates

@ note: the exceedance frequency for a = 0.999 is 18 times higher than
wanted
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Out-of-sample

| target [ 0.05 | 0.01 |0.001 |
| exceedances | 0.059 | 0.027 | 0.011 |

Out-of-sample: Hang Seng

empirical losses
(=]

2007 2010
dates
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Explanation

@ bad performance could be due to wrong model assumptions:

e normality: empirical returns have fat tails, skewness
e no time-variation: modelling with static distribution assumed to
remain constant during all times
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Multi-period moments with independency

@ expectation: (independence unnecessary)

n—1
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i=0
@ variance:

n—1
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o standard deviation:

lo,
Otttn—1 =1/ V (rt7f+n_1) =Vno? =+/no
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Distribution of multi-period returns

o assumption: ri% ~ N (u,0)
@ consequences:

I .. . .
e random vector (rtlog, rt‘fk) follows a bivariate normal distribution

with zero correlation because of assumed independence

(o)~ ([n]-[ 5 2 ])

e as a sum of components of a multi-dimensional normally distributed
random vector, multi-period returns are normally distributed
themselfes

@ using formulas for multi-period moments we get

a1~ N (np, /o)
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Multi-period VaR

@ notation:

I
o u, =E [rt"’inil} = np
® 04 =0t tin—1 =/ NO
o Var\™ = VaR, (r,_{?ﬂnfl)

@ rewriting VaR, for multi-period returns as function of one-period
VaR,, :
VaR(" = —pu, + 0,071 ()
= —np+vnod 1 (a)
= —np+vnp =/ + Vo d ! ()
=(Vn—n)u+vn(—n+o07 (o))
= (V= n) i+ VnVaR, (1)
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Multi-period ES

ES&") = 0n¢ (CD_l (Ol))
l—«o
-1

11—«

q)—l
- (ﬁ—n)u+ﬁ<—u+a¢(1_ia))>
= (\/E_ n):u’"i_\/EESa
@ again, for u = 0 the square-root-of-time scaling applies:

ES\") = \/nES,
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Multi-period calculation example

(3) _ (1)
VaR(1)0.00 = (vVn—n)p1 + ﬁvaR(l),o.gg
(V3-3) 0039+ 32535
4.342

(10) _ (10)
ES(2)0.000 = (vVn—n) p2 + \mES(z),o.ggg
= (\/ﬁ _ 10) £0.024 + V10 - 5.684
= 17.8079
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Multi-period value-at-risk

@ control results for value-at-risk for 3 and 10 periods

o VAR )45 =3.036, VaRL) g =4342, VaRS) | oo =5.806

o VaR([) o5 =5.368, VaR| Y g =7.752, VaR{') 4o = 10.425
o VaR(3) o5 = 4757, VaRG) (5 =6.758, VaR(3) 50 = 9.001

o VaR[') o5 = 8576, VaRGY o =12.220, VaR(PY oo = 16.324
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Multi-period expected shortfall

@ control results for expected shortfall values for 3 and 10 periods

° ES(l) 0.05 = 3.837, Es(1 0.00 = 4.992, Es(f) 0,000 = 6-337
o ES{\hos = 6830, ESH’) o =8.938, ES(IY o0 =11.304
o ES5) s =5984, ESG) 4o =T.753, ES3) o6 =9.814
o ESH hos =10.816, ESGY) o =14.045, ESGPY oo = 17.808
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Multi-period backtesting: 3 days

@ in order to treat exceedances as independent realizations of binomial
variable with probability of occurrence equal to confidence level,
non-overlapping 3-day returns have to be considered

| target | 0.05 [ 0.01 [0.001 |
’ exceedances \ 0.044 \ 0.017 \ 0.007 ‘

Backtesting: Dow Jones

3-day exceedances

1996 1998 2000 2002 2004
dates
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Multi-period backtesting: 3 days

| target [ 0.05 | 0.01 |0.001 |
| exceedances | 0.043 | 0.016 | 0.008 |

Backtesting: Hang Seng
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Multi-period backtesting: 10 days

@ sample size decreases with increasing time span of non-overlapping
multi-period returns

| target [ 0.05 | 0.01 |0.001 |
| exceedances | 0.034 | 0.015 | 0.008 |

Backtesting: Dow Jones
20

ZWHM‘%WM“ h W\h l“ ! ]
: i
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dates

10-day exceedances
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Multi-period backtesting: 10 days

| target [ 0.05 | 0.01 |0.001 |
| exceedances | 0.042 | 0.011 | 0.008 |

Backtesting: Hang Seng

LAY W WWWW

1996 1998 2000 2002 2004
dates

10-day exceedances
\
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Out-of-sample performance

y target | 0.05 | 0.01 [0.001 |
exceed. DJ 3 days | 0.066 | 0.020 | 0.011
exceed. DJ 10 days | 0.053 | 0.038 | 0.015
exceed. HS 3 days | 0.043 | 0.027 | 0.009
exceed. HS 10 days | 0.053 | 0.030 | 0.015

@ again: notice the bad performance especially for higher confidence
levels
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Joint distribution

@ contour plots of joint normal distribution together with empirical data
of assets:

Contours of bivariate normal distribution

HangSeng

DowdJones

@ note: some outliers seem to contradict the assumption of joint
normally distributed returns
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Calculating portfolio returns

@ conversion between single asset logarithmic and discrete returns:

|0g <1 + rdiscr) — rlog

exp (rlog) _ 1 — pdiscr
o for discrete returns, the two-asset portfolio return is calculated by
rgiscr - w- rgiscr + (1 o W) . rgiscr
o for logarithmic returns, we get

/Og _ |og( discr + 1)
|og (W rd/scr + (1 _ W) . réliscr + 1)

= log (w (exp (i) = 1) + (1= w) (exp (r5%) = 1) +1)

Iog(w exp( g>+(1—w)-exp<r,l3°g)>
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Calculating portfolio returns

@ while the discrete portfolio return can be calculated as weighted
sum, the logarithmic portfolio return is a non-linear function of the
individual asset returns

@ however, in practice one often uses the approximation
log log 1 log
rpr=wert + (L—w)-rg

@ this way, portfolio returns of normally distributed assets remain
normally distributed
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Approximation errors

@ given asset weights w = 0.5 and r Iog = 0.08 and rg’g = 0.04, the
correct logarithmic portfolio return is

Iog = log (0.5 - exp (0.08) + 0.5 - exp (0.04)) = 0.0602
in contrast to

ri%€ ~0.5-0.08 + 0.5 - 0.04 = 0.06

e however, for returns r/l\og =0.12 and r,lgog = 0 the approximation is
given by
r8 ~0.5-0.12+0.5-0 = 0.06,

although the correct logarithmic return of the second portfolio results
in

r%€ = log (0.5 - exp (0.12) 4+ 0.5 - exp (0)) = 0.0618

@ using the approximation, qualitative statements are distorted
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Moments under approximation

@ portfolio expectation:
E[r/fg] %E[W riog 4 (1 )-rg’g}
— WE [r}®] + (1 - w)E |rF?]
= wpa+ (1 —w)pup
@ portfolio variance:

\% (r,lfg) ~ W2V( Iog) +(1- W)ZV( ’og) +2w (1 —w) Cov (ri\"g, r‘/;g)

op ~ \/W2V( ’og) +(1- w) \Y ( ’og) + 2w (1 — w) Cov (ri‘og, r,’;’g)
@ under normal assumption:

re€ ~ N (wpa + (1 — w) us, op)
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Influence of correlation

@ since

op = \/Wsz +(1—w)? 0342w (1 —w) Cov (r1, r)

= \/W2O'% +(1—w)?02 +2w (1 — w)poyo2,

and

VaRp o = —pp + opd1 (a),
the portfolio standard deviation as well as the portfolio VaRp ,are
increasing functions of p

@ explanation: high values of p lead to simultaneous increases or
decreases of both assets, so that diversification effects are low
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Approximation of portfolio VaR

@ requirements:

o logarithmic portfolio returns are approximated by weighted sum of
individual logarithmic asset returns
e assets are jointly normally distributed:

o both individual assets are normally distributed
o the dependence structure between both assets is of linear nature

@ consequence: portfolio returns are normally distributed

e simple analytical formulas for VaR and ES under normally distributed
returns are applicable
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Calculations

e calculate portfolio expectation for weights w = 0.5:
up =0.5-0.039 +0.5-0.024 = 0.0315

@ calculate portfolio standard deviation for Cov = 0.300:

op = \/0.52<7% +0.5202 42 0.52Cov (r1, r2)
=+1.179

e calculate portfolio VaRp .95 according to formula
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Risk measure calculations

@ note: out-of-sample exceedance frequencies are 14 times higher than
expected

@ indication for misspecified model

| o | 0.95 | 0.99 [0.999 |
VaRp 4 1.755 | 2.495 [ 3.324
ESp 2.208 | 2.863 | 3.625

backtest frequ. 0.045 | 0.018 | 0.006
Out-of-sample frequ. | 0.062 | 0.028 | 0.014

Groll (Seminar fiir Finanzékonometrie) Slides for Risk Management Prof. Mittnik, PhD 35 /38



Alternative way

@ based on the simplifying assumptions made so far, we know how to
calculate VaRp , via the following way:
e approximate portfolio distribution by weighted sum of individual asset

returns
o derive VaRp . from portfolio distribution

@ however, we also want to arrive at VaRp , via:

o calculate VaR; , and VaR;  for individual assets 1 and 2
e derive VaRp , as function of individual assets:
VaRp,o = f (VaRy o, VaRa,4)
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Further simplifications

@ in addition to the assumptions made so far, also assume individual
expected asset returns to be zero:

p1=p2 =0
@ expected portfolio return also vanishes:

pp =wpy+ (L —w)up =0

@ using
0% = w?0? + (1 —w)? 03 + 2po102
we get
VaR3 , = 0% (7% (a))’
= w2o? (071 (@) + (1 — w)? 03 (71 () + 2p0102 (97 (@)
2

=wi-VaR; 4+ (1 —w)®- VaR3 , 4+ 2p- VaRy o - VaRs,
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Consequences

@ now we have

VaRp o = \/wi - VaR2,, + (1~ w)® - VaRZ, +2p- VaRy . - VaRy
= f ( VaR17a, VaR27a)

@ purpose:

e in general it can be very difficult to correctly model the portfolio
distribution: derivation involves convolution applied to
multi-dimensional distribution of all assets in the portfolio

e in contrast to that, VaR; for individual assets is rather easy to
determine

e deriving the overall portfolio VaRp as simple function of individual
VaR; and correlation is very tempting

@ note: as the assumptions used during the derivation of the formula are
not fulfilled in reality, calculating VaRp this way is just another
approximation to the real value

Groll (Seminar fiir Finanzékonometrie) Slides for Risk Management Prof. Mittnik, PhD 38 /38



